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1 Introduction

Support vector machines regression (SVMR) [10, 19] has a foundation in the frame-
work of statistical leaning theory and classical regularization theory for function ap-
proximation. The main difference between SVMR and the classical least square re-
gression (LSR) [8, 10, 22] is that SVMR uses the ε-insensitive loss function (ILF)
to measure the empirical error. Compared to quadratic loss function (see Fig. 1(a))
used in LSR, ILF is more robust and sparse. In addition, [13] shows that under the
assumption the noise is additive and Gaussian where the variance and the mean of
the Gaussian are random variables, use of the ILF is more justified. In this paper, we
provide a mathematical analysis for SVMR. Our target is to determine a satisfactory
learning rate for this algorithm.

Let us recall some basic concepts of statistical learning theory in the regression
setting (see [6, 10, 15] and references therein for details).

From now on, we assume X is a compact subset of R
n, Y is contained in

[−M,M] for some M > 0. The relation between the input x ∈ X and the out-
put y ∈ Y is described by a probability distribution ρ(x, y) = ρ(y|x)ρX(x) on
Z := X × Y , where ρ(y|x) is the conditional probability of y given x and ρX(x)

is the marginal probability of x. The distribution ρ is known only through a set
of samples z := {zi}mi=1 = {(xi, yi)}mi=1 ∈ Zm independently drawn according to ρ.
Given samples z, the regression problem in learning theory aims at finding a func-
tion fz : X → R such that fz(x) is a good estimate of y when a new input x is
given.

The error for a measurable function f is the so-called expected risk

E(f ) :=
∫

Z

V
(
y,f (x)

)
dρ = EV

(
y,f (x)

)
,

where V (y,f (x)) is the loss function which measures the cost paid by replacing the
true y with the estimate f (x). We will denote by f ∗ the function which minimizes
the error

f ∗ := arg minE(f ). (1.1)

Obviously, f ∗ is our ideal estimator and it is often called the target function.
In this paper, we investigate the ε-insensitive loss function

V
(
y,f (x)

) = ∣∣y − f (x)
∣∣
ε
=

{
0, if |y − f (x)| < ε,

|y − f (x)| − ε, otherwise.
(1.2)

ILF (see Fig. 1(b)) is similar to some of the functions used in robust statistics [11]
(see Fig. 1(c)). It assigns zero cost to the errors smaller than ε.

SVMR depends on a reproducing kernel Hilbert space (RKHS) associated with a
Mercer kernel. Let K : X × X → R be continuous, symmetric, and positive semi-
definite, i.e., for any finite set of distinct points {x1, x2, . . . , xl} ⊂ X, the matrix
(K(xi, xj ))

l
i,j=1 is positive semidefinite. Such a kernel is called a Mercer kernel.

The RKHS HK associated with the kernel K is defined (see [1]) as the closure of
the linear span of the set of functions {Kx := K(x, ·) : x ∈ X}, with the inner product
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Fig. 1 (a) quadratic loss function V1(t) = t2; (b) ILF V1(t) =
{ |t |−ε, |t |>ε

0, otherwise; (c) robust loss function

V1(t) =
{

t2
2 + ε

2 |t |<ε,

|t | otherwise.
Here, t := y − f (x) and V1(t) := V (y,f (x))

〈·, ·〉K satisfying

〈Kx,Ky〉K = K(x,y).

The reproducing property is given by

〈Kx,f 〉K = f (x), ∀x ∈ X, f ∈HK.

Denote C(X) as the space of continuous functions on X with the norm ‖ · ‖∞. Be-
cause of the continuity of K and compactness of X, we have

κ := sup
x∈X

√
K(x,x) < ∞.

So, the above reproducing property tells us

‖f ‖∞ ≤ κ‖f ‖K, ∀f ∈HK. (1.3)

Now the SVMR learning algorithm is defined to be the minimizer of the following
Tikhonov regularization scheme in RKHS HK with Mercer kernel K :

fz,λ := arg min
f ∈HK

{
1

m

m∑
i=1

V
(
yi, f (xi)

) + λ‖f ‖2
K

}
. (1.4)

Where V is ILF defined by (1.2), λ is a positive constant called regularization para-
meter; it depends on m: λ = λ(m), and usually λ(m) → 0 as m becomes large.

A data free limit of (1.4) is

fλ := arg min
f ∈HK

{
E(f ) + λ‖f ‖2

K

}
. (1.5)

If we set the empirical error with respect to the random samples z as

Ez(f ) := 1

m

m∑
i=1

V
(
yi, f (xi)

)
,
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then the scheme (1.4) can be rewritten as

fz,λ := arg min
f ∈HK

{
Ez(f ) + λ‖f ‖2

K

}
. (1.6)

Our main goal is to estimate the excess risk

E
(
π(fz,λ)

) − E(f ∗)

for the scheme (1.6), where π(·) is a projection operator defined in Sect. 2.
There is a vast literature of error analysis for LSR, e.g., [6, 8, 16, 17, 22]. For gen-

eral convex loss functions, a probabilistic bound on the sample error (see Sect. 3 for
the definition) was considered in [14], but their results were founded on Ivanov regu-
larization, that is, the hypothesis space is the ball of radius R in the RKHS HK . This
setting is different from Tikhonov regularization (1.4) where the choice of regulariza-
tion parameter λ = λ(m) is essentially difficult even when f ∗ lies in HK . Recently,
[5] established the consistency for a broad class of kernel-based regression methods.
Although it did not give any explicit convergence rates, a further analysis implied the

learning rates were slower than m− 1
2 . In this paper, we provide an analysis tailored to

SVMR by choosing some special values of the parameters, we can derive a learning
rate arbitrarily close to m−1. To our knowledge, there are no learning rates which can
exceed m−1 in classification or LSR. So, it is reasonable to believe that our learning
rate for SVMR is satisfactory. We have not investigated whether the results presented
in this paper can be extended to the more general loss functions for regression. This
problem will be considered in another work.

The rest of the paper is organized as follows: In Sect. 2, we discuss the target func-
tion with respect to ILF and introduce a projection operator. In Sect. 3, we give some
definitions and assumptions which are necessary for the proof of the main results in
Sect. 4.

2 Target Function and Projection Operator

It is well known (see [6, 12, 16, 22]) that the target function of quadratic loss is the
regression function of ρ, which is defined by

fρ(x) =
∫

Y

y dρ(y|x), ∀x ∈ X.

It can be regarded as the average of the y coordinate {x} × Y . But what is f which
minimizes the expected ε-insensitive loss?

Theorem 2.1 If f ∗ is the target function in (1.1) with respect to ILF, then it satisfies

∫ f ∗(x)−ε

−M

dρ(y|x) =
∫ M

f ∗(x)+ε

dρ(y|x), ∀x ∈ X. (2.1)
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Proof Note that since

E(f ) = EV
(
y,f (x)

) = E
(
EV

(
y,f (x)

)|x)
,

we can minimize E(f ) by minimizing the conditional expectation E(V (y,f (x))|x).
For fixed x,

E
(
V

(
y,f (x)

)∣∣x) =
∫

Y

∣∣y − f (x)
∣∣
ε
dρ(y|x)

=
∫ f (x)−ε

−M

(
f (x) − y − ε

)
dρ(y|x)

+
∫ M

f (x)+ε

(
y − f (x) − ε

)
dρ(y|x).

Here, we use the fact that y is supported on [−M,M].
Let

F(ω) =
∫ ω−ε

−M

(ω − y − ε) dρ(y|x) +
∫ M

ω+ε

(y − ω − ε) dρ(y|x),

by taking the derivative with respect to ω and setting it to 0, we obtain
∫ ω−ε

−M

dρ(y|x) −
∫ M

ω+ε

dρ(y|x) = 0.

Hence, f ∗(x) the minimizer of E(EV (y,f (x))|x) satisfies (2.1). �

Remark When ε = 0, the target function is the median function of ρ, which can be
regarded as the median of y coordinate {x} × Y .

Corollary 2.1 If f ∗is the target function with respect to ILF, then for any x ∈ X,
∣∣f ∗(x)

∣∣ ≤ M + ε. (2.2)

Proof If the conclusion is not true, we have f ∗(x) > M + ε or f ∗(x) < −M − ε for
some x ∈ X. In the first case,

∫ f ∗(x)−ε

−M

dρ(y|x) ≥
∫ M

−M

dρ(y|x) = 1.

But ∫ M

f ∗(x)+ε

dρ(y|x) = 0.

This is a contradiction to (2.1). The other case is similar. �

Corollary 2.1 tells us f ∗(x) ∈ [−M − ε,M + ε], so it is natural to restrict the
approximating functions to those also contained in [−M − ε,M + ε]. The idea of the
projection operator was introduced in classification algorithm (see, e.g., [2, 4, 21]).
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Definition 2.1 The projection operator π = πM+ε is defined on the space of measur-
able functions f : X → R as

π(f )(x) =
⎧⎨
⎩

M + ε, if f (x) > M + ε,

−M − ε, if f (x) < −M − ε,

f (x), if − M − ε ≤ f (x) ≤ M + ε.

(2.3)

Since V (y,π(f )(x)) ≤ V (y,f (x)), we know that

E
(
π(f )

) ≤ E(f ), Ez
(
π(f )

) ≤ Ez(f ). (2.4)

Therefore, it is more accurate to estimate f ∗ by π(f ) than f . By virtue of it, we
take π(fz,λ) instead of fz,λ as our empirical target function and analyze the related
learning rates.

3 Definitions and Assumptions

Estimating the excess error

E
(
π(fz,λ)

) − E(f ∗)

for the SVMR scheme (1.6) is our goal. To this end, we present the following error
decomposition which leads to bounds of the excess error.

Proposition 3.1 Let f ∗, fz,λ, and fλ be defined by (1.1), (1.4), and (1.5), respec-
tively. Then E(π(fz,λ)) − E(f ∗) ≤ E(π(fz,λ)) − E(f ∗) + λ‖fz,λ‖2

K which can be
bounded by

{
E(fλ)−E(f ∗)+λ‖fλ‖2

K

}+ {
E
(
π(fz,λ)

)−Ez
(
π(fz,λ)

)+Ez(fλ)−E(fλ)
}
. (3.1)

Proof Write E(π(fz,λ)) − E(f ∗) + λ‖fz,λ‖2
K as

{
E
(
π(fz,λ)

) − Ez
(
π(fz,λ)

)} + {(
Ez

(
π(fz,λ)

) + λ‖fz,λ‖2
K

) − (
Ez(fλ) + λ‖fλ‖2

K

)}

+ {
Ez(fλ) − E(fλ)

} + {
E(fλ) − E(f ∗) + λ‖fλ‖2

K

}
.

By (2.4) and (1.6), the second term is at most zero. This proves (3.1). �

The first term of (3.1) is called the regularization error. It is independent of samples
z and measures the approximation power of HK for f ∗.

Definition 3.1 The regularization error of scheme (1.6) is defined as

D(λ) := inf
f ∈HK

{
E(f ) − E(f ∗) + λ‖f ‖2

K

}
.
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By (1.5), we know that D(λ) = E(fλ) − E(f ∗) + λ‖fλ‖2
K . It is easy to see that

E(f ) − E(f ∗) ≤ ‖f − f ∗‖L1
ρX

. Hence, the regularization error concerns the approx-

imation of f ∗ in L1
ρX

by functions from HK ; it can be characterized by requiring f ∗
to lie in some interpolation spaces of the pair (L1

ρX
,HK), as done in [4] for classifi-

cation.

Definition 3.2 We say the target function f ∗ can be approximated by HK with ex-
ponent 0 < β ≤ 1 if there exists a constant cβ , such that

A1 D(λ) ≤ cβλβ, ∀λ > 0.

The second term of (3.1) is called the sample error. It has been well understood in
learning theory by some concentration inequalities (see, e.g., [3, 6, 9, 20]). If some
information about K and ρ is available, the sample error could be improved.

The information we need about K is the capacity measured by covering number.

Definition 3.3 Let F be a subset of a metric space. For any η > 0, the covering
number N (F , η) is defined to be the minimal integer l ∈ N such that there exist l

balls with radius η covering F .

In this paper, we use only the uniform covering number. Let BR = {f ∈ HK :
‖f ‖K ≤ R}. It is a subset of C(X), and the covering number is well defined. We
denote the covering number of the unit ball B1 as

N (η) := N (B1, η), ∀η > 0.

Definition 3.4 The RKHS HK is said to have polynomial complexity exponent s > 0
if there is some constant cs > 0, such that

A2 logN (η) ≤ cs(1/η)s, ∀η > 0.

In learning theory, the uniform covering number has been extensively studied (see,
e.g., [6, 23, 24]). It was shown in [24] that Assumption A2 holds if K is Cr with
r > 0.

The information we need about ρ is the following variance-expectation bound
condition (see [25]).

There exists some α ∈ [0,1] and a constant cα , such that

A3 E
{
V

(
y,f (x)

) − V
(
y,f ∗(x)

)}2 ≤ cα

{
E(f ) − E(f ∗)

}α
, ∀‖f ‖∞ ≤ M + ε.

It is easy to see that Assumption A3 always holds for α = 0 and cα = 4(M + ε)2.

4 Main Results

In this section, we discuss the estimation of the sample error in connection with
Assumption A1, we derive the learning rates. The learning rates will be stated in
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terms of the sample size m with proper choice of the regularization parameter λ =
λ(m) → 0.

Write the sample error in (3.1) as

E
(
π(fz,λ)

) − Ez
(
π(fz,λ)

) + Ez(fλ) − E(fλ)

= {(
E
(
π(fz,λ)

) − E(f ∗)
) − (

Ez
(
π(fz,λ)

) − Ez(f
∗)

)}
+ {(

Ez(fλ) − Ez(f
∗)

) − (
E(fλ) − E(f ∗)

)}
. (4.1)

To bound the last term of (4.1), we need the following one-sided Bernstein inequal-
ity [6, 21].

Let ξ be a random variable on a probability space Z with mean Eξ = μ and
variance σ 2(ξ) = σ 2. If |ξ − μ| ≤ B almost everywhere, then for all τ > 0

Probz∈Zm

{
1

m

m∑
i=1

ξ(zi) − μ ≥ τ

}
≤ exp

{
− mτ 2

2(σ 2 + 1
3Bτ)

}
.

Proposition 4.1 For any t > 1, under Assumption A3, with confidence 1 − 2e−t , we
have

(
Ez(fλ) − Ez(f

∗)
) − (

E(fλ) − E(f ∗)
)

≤ 7κt

6m

√
D(λ)

λ
+ 8(M + ε)t

3m
+

(
2cαt

m

) 1
2−α + D(λ). (4.2)

Proof Denote ξ1 := V (y,fλ(x)) − V (y,π(fλ)(x)), ξ2 := V (y,π(fλ)(x)) −
V (y,f ∗(x)). Then

(
Ez(fλ) − Ez(f

∗)
) − (

E(fλ) − E(f ∗)
)

=
{

1

m

m∑
i=1

ξ1(zi) − Eξ1

}
+

{
1

m

m∑
i=1

ξ2(zi) − Eξ2

}
.

By Definition 3.1, we have

λ‖fλ‖2
K ≤ E(fλ) − E(f ∗) + λ‖fλ‖2

K = D(λ).

It follows from (1.3) that

‖fλ‖∞ ≤ κ‖fλ‖K ≤ κ

√
D(λ)

λ
. (4.3)

So, we can easily check that 0 ≤ ξ1 ≤ κ

√
D(λ)

λ
and σ 2(ξ1) ≤ κ

√
D(λ)

λ
Eξ1. By the

one-sided Bernstein inequality, we see that with confidence at least 1 − e−t that

1

m

m∑
i=1

ξ1(zi) − Eξ1 ≤ 2κt

3m

√
D(λ)

λ
+

√
2tσ 2(ξ1)

m



Found Comput Math

≤ 2κt

3m

√
D(λ)

λ
+ κt

2m

√
D(λ)

λ
+ Eξ1

= 7κt

6m

√
D(λ)

λ
+ Eξ1.

For ξ2, noting that both π(fλ)(x) and f ∗(x) are contained in [−M − ε,M + ε], we
know from Assumption A3

σ 2(ξ2) ≤ cα

(
E(ξ2)

)α
, |ξ2| ≤

∣∣π(fλ)(x) − f ∗(x)
∣∣ ≤ 2(M + ε).

Applying the one-sided Bernstein inequality again with confidence at least 1 − e−t ,

1

m

m∑
i=1

ξ2(zi) − Eξ2 ≤ 8(M + ε)t

3m
+

√
2tσ 2(ξ2)

m

≤ 8(M + ε)t

3m
+

√
2cαt (Eξ2)α

m
.

Recall an elementary inequality

1

p
+ 1

q
= 1, with p,q > 1 ⇒ ab ≤ 1

p
ap + 1

q
bq, ∀a, b > 0. (4.4)

Using it with a = (Eξ2)
α
2 , b = ( 2cαt

m

) 1
2 , and p = 2

α
, we have

√
2cαt (Eξ2)α

m
≤ α

2
Eξ2 +

(
1 − α

2

)(
2cαt

m

) 1
2−α

.

Hence,

1

m

m∑
i=1

ξ2(zi) − Eξ2 ≤ 8(M + ε)t

3m
+

(
2cαt

m

) 1
2−α + Eξ2.

Combining the above estimate for ξ1 and ξ2 with the fact Eξ1 + Eξ2 = E(fλ) −
E(f ∗) ≤ D(λ), we prove the conclusion. �

The first term of (4.1) involves the samples z, and thus runs over a set of func-
tions. So, we need a probability inequality concerning the uniform convergence. The
following lemma has been proved in [21].

Lemma 4.1 Let 0 ≤ α ≤ 1,B > 0, c ≥ 0, and G be a set of functions on Z, such that
for every g ∈ G, Eg ≥ 0, |Eg − g| ≤ B and Eg2 ≤ c(Eg)α. Then for any τ > 0,

Probz∈Zm

{
sup
g∈G

Eg − 1
m

∑m
i=1 g(zi)√

(Eg)α + τα
> 4τ 1− α

2

}
≤ N (G, τ ) exp

{ −mτ 2−α

2(c + 1
3Bτ 1−α)

}
.
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We define the function set FR with R > 0, by

FR := {
V

(
y,π(f )(x)

) − V
(
y,f ∗(x)

) : f ∈ BR

}
.

Proposition 4.2 Let R > 0, under Assumptions A2 and A3, for any t > 1, with con-
fidence at least 1 − e−t , we have

{
E
(
π(f )

) − E(f ∗)
} − {

Ez
(
π(f )

) − Ez(f
∗)

} ≤ 4τ + 4τ 1− α
2
{
E
(
π(f )

) − E(f ∗)
} α

2

for all f ∈ BR, where τ is given by

τ :=
{

4

(
cα + 4

3
(M + ε)2−α

) 1
2−α + 1

}((
t

m

) 1
2−α +

(
csR

s

m

) 1
2−α+s

)
. (4.5)

Proof Each function g ∈ FR has the form g(x, y) = V (y,π(f )(x)) − V (y,f ∗(x))

with some f ∈ BR. We can easily see that ‖g‖∞ ≤ 2(M + ε), and thus |g − Eg| ≤
B := 4(M + ε), Eg = E(π(f )) − E(f ∗) ≥ 0, 1

m

∑m
i=1 g(zi) = Ez(π(f )) − Ez(f

∗).
The Assumption A3 tells us Eg2 ≤ c(Eg)α for c = cα. So applying Lemma 4.1 to
function set FR, we have

Probz∈Zm

{
sup

f ∈BR

{E(π(f )) − E(f ∗)} − {Ez(π(f )) − Ez(f
∗)}√

(E(π(f )) − E(f ∗))α + τα
> 4τ 1− α

2

}

≤N (FR, τ) exp

{ −mτ 2−α

2(cα + 4
3 (M + ε)τ 1−α)

}
.

Since for any f1, f2 ∈ BR and (x, y) ∈ Z,

∣∣V (
y,π(f1)(x)

) − V
(
y,π(f2)(x)

)∣∣ ≤ ∣∣π(f1)(x) − π(f2)(x)
∣∣ ≤ ‖f1 − f2‖∞.

We know that any τ -covering of BR is also a τ -covering of FR , together with As-
sumption A2, we have

logN (FR, τ) ≤ logN (BR, τ) = logN
(

τ

R

)
≤ cs

(
R

τ

)s

.

Therefore, if we set τ̃ is the unique positive solution of the equation

mτ 2−α

2(cα + 4
3 (M + ε)τ 1−α)

− cs

(
R

τ

)s

= t,

then with confidence at least 1 − e−t , we have

{
E
(
π(f )

) − E(f ∗)
} − {

Ez
(
π(f )

) − Ez(f
∗)

} ≤ 4τ̃ 1− α
2

√(
E
(
π(f )

) − E(f ∗)
)α + τ̃ α

≤ 4τ̃ + 4τ̃ 1− α
2
{
E
(
π(f )

) − E(f ∗)
} α

2 .
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It remains to estimate τ̃ . Since
{
E
(
π(f )

) − E(f ∗)
} − {

Ez
(
π(f )

) − Ez(f
∗)

} ≤ 4(M + ε),

we only need to consider the range τ ≤ M + ε. In this range,

mτ 2−α

2(cα + 4
3 (M + ε)τ 1−α)

− cs

(
R

τ

)s

≥ mτ 2−α

2(cα + 4
3 (M + ε)2−α)

− cs

(
R

τ

)s

=: h(τ).

Because h(τ) is strictly increasing in (0,+∞), we know τ̃ ≤ τ ∗, where τ ∗ is the
unique positive solution of the equation h(τ) = t . By Lemma 7 from [7],

τ ∗ ≤
(

4(cα + 4
3 (M + ε)2−α)t

m

) 1
2−α +

(
4(cα + 4

3 (M + ε)2−α)csR
s

m

) 1
2−α+s

.

This proves (4.5) and the proposition follows. �

Putting the above two estimates into Proposition 3.1, we can derive the error
bounds. For R > 1, denote

W(R) = {
z ∈ Zm : ‖fz,λ‖K ≤ R

}
. (4.6)

Proposition 4.3 For all t > 1, under Assumptions A2 and A3, there exists a set
VR ⊆ Zm with ρ(VR) ≤ 3e−t such that, for all z ∈W(R)\VR ,

E
(
π(fz,λ)

) − E(f ∗) + λ‖fz,λ‖2
K

≤ 7κt

3m

√
D(λ)

λ
+ 16(M + ε)t

3m
+ 2

(
2cαt

m

) 1
2−α + 72τ + 4D(λ),

where τ is given by (4.5).

Proof Proposition 3.1, 4.1, and 4.2 tell us that for any t > 1, there exists a set VR ⊆
Zm with measure at most 3e−t , such that for every z ∈ W(R)\VR ,

E
(
π(fz,λ)

) − E(f ∗) + λ‖fz,λ‖2
K

≤ 7κt

6m

√
D(λ)

λ
+ 8(M + ε)t

3m
+

(
2cαt

m

) 1
2−α + 4τ

+ 4τ 1− α
2
{
E
(
π(fz,λ)

) − E(f ∗)
} α

2 + 2D(λ).

Recall another elementary inequality

x ≤ axν + b, a, b, x > 0 ⇒ x ≤ max
{
(2a)

1
1−ν ,2b

}
.

Applying it with x = E(π(fz,λ)) − E(f ∗) + λ‖fz,λ‖2
K and ν = α

2 , we can derive the
conclusion. �
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We also need an R satisfying W(R) = Zm. By taking f = 0 in (1.4), we can see

Lemma 4.2 For all λ > 0, z ∈ Zm, there holds

‖fz,λ‖K ≤
√

M

λ
.

So, some learning rates in weak form can be obtained from Proposition 4.3,
Lemma 4.2 and Assumption A1.

Corollary 4.1 Under Assumptions A1, A2, and A3, for any 0 < δ < 1, by taking

λ = ( 1
m

)
min{ 2

1+β
, 2

2β(2−α+s)+s
}, with confidence 1 − δ, we have

E
(
π(fz,λ)

) − E(f ∗) ≤ c̃2 log

(
3

δ

)(
1

m

)min
{ 2β

1+β
,

2β
2β(2−α+s)+s

}
,

where c̃2 is a constant independent of m and δ.

Proof Taking R =
√

M
λ

, then Lemma 4.2 implies fz,λ ∈ BR for all z ∈ Zm. Hence,
from Proposition 4.3, Assumption A1 and (4.5), we can see that for any t > 1 with
confidence at least 1 − 3e−t

E
(
π(fz,λ)

) − E(f ∗) ≤ c̃1t

{(
1

mλs/2

) 1
2−α+s + 1

m
λ

β−1
2 + λβ

}
,

where c̃1 is a constant independent of m and t . By the choice of λ, we have

1

m
λ

β−1
2 ≤ λβ,

(
1

mλs/2

) 1
2−α+s ≤ λβ.

Therefore, the corollary follows by taking c̃2 = 3c̃1 and t = log 3
δ
. �

The learning rate given in Corollary 4.1 is weak because we use the bound

‖fz,λ‖K ≤
√

M
λ

shown in Lemma 4.2. It is worse than the bound for fλ derived

from the proof of Proposition 4.1, namely, ‖fλ‖K ≤
√

D(λ)
λ

. In order to improve the
bound, we shall use a iteration technique which was introduced in [18] for a support
vector machines classification algorithm. In particular, we can see ‖fz,λ‖K could be

bounded essentially by
√

D(λ)
λ

with high confidence. Now, we present our main re-
sult.

Theorem 4.1 Assume Assumptions A1, A2, and A3. Take λ = ( 1
m

)γ , for any ζ > 0
and 0 < δ < 1, there exists a constant c̃ independent of m such that with confidence
1 − δ,

E
(
π(fz,λ)

) − E(f ∗) ≤ c̃

(
1

m

)θ

,
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where

γ = min

{
2

1 + β
,

2

2β(2 − α + s) + (1 − β)s

}
,

θ = min

{
2β

1 + β
,

2β

2β(2 − α + s) + (1 − β)s
− ζ

}
.

Proof Denote �z = E(π(fz,λ))−E(f ∗)+λ‖fz,λ‖2
K. We know from Proposition 4.3

and Assumption A1 that for any t > 1, there exists a set VR ⊆ Zm with measure at
most 3e−t , such that for every z ∈W(R)\VR ,

�z ≤ c̃3t

{(
Rs

m

) 1
2−α+s + 1

m
λ

β−1
2 + λβ

}
, (4.7)

where c̃3 > 1 is a constant independent of m and t . Choosing λ = ( 1
m

)γ , we can
easily check that

1

m
λ

β−1
2 ≤ λβ,

(
1

m

) 1
2−α+s ≤ λ

β+ (1−β)s
2(2−α+s) .

So (4.7) implies that

�z ≤ λβ
{
c̃3t

(
λ

1−β
2 R

) s
2−α+s + 2c̃3t

}
, ∀z ∈W(R)\VR. (4.8)

Since ‖fz,λ‖K ≤
√

�z
λ

, by using (4.8) iteratively, we can find a small ball BR that
contains fz,λ with high confidence.

Start with R = R(0) =
√

M
λ

. Lemma 4.2 verifies W(R(0)) = Zm. By (4.8), we

know Zm = W(R(0)) ⊆ W(R(1)) ∪ VR(0) , where

R(1) :=
{
λβ−1

(
c̃3t

(
λ

1−β
2

√
M

λ

) s
2−α+s + 2c̃3t

)} 1
2

≤ λ
β−1

2
(
c̃3(

√
M + 1)tλ

−βs
4(2−α+s) + 2c̃3t

)
.

From (4.8), for k = 2,3, . . ., we iteratively derive

Zm = W
(
R(0)

) ⊆ W
(
R(1)

) ∪ VR(0) ⊆ · · · ⊆W
(
R(k)

) ∪
(

k−1⋃
j=0

VR(j)

)
,

where each VR(j) has measure at most 3e−t and R(k) is given by

R(k) = λ
β−1

2
{
c̃3(

√
M + 1)tλ

− β
2 ( s

2(2−α+s)
)k + 2kc̃3t

}
. (4.9)
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For ζ > 0, choose k0 ∈ N, such that

(
s

2(2 − α + s)

)k0+1

≤ 2β(2 − α + s) + (1 − β)s

2β
ζ.

Take k = k0 in (4.9), we know for z ∈W(R(k0))

‖fz,λ‖K ≤ λ
β−1

2
{
c̃3(

√
M + 1)tλ

− β
2 ( s

2(2−α+s)
)k0 + 2k0c̃3t

}
.

This together with (4.7) gives

E
(
π(fz,λ)

) − E(f ∗) ≤ �z ≤ c̃

(
1

m

)θ

, ∀z ∈W
(
R(k0)

)\VR(k0) .

Since
⋃k0

j=0 VR(j) has measure at most 3(k0 + 1)e−t , taking t = log(
3(k0+1)

δ
), the

measure of W(R(k0))\VR(k0) is at least 1 − δ. Then Theorem 4.1 is proved. �

Remark When β = 1 and α > s, we have θ > 1
2 (up to a ζ ). In particular, when

β = 1, α = 1, s → 0, θ is arbitrarily close to 1.
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